bodies, and their associated reference frames, are shown in Figure 1 .
The equations of motion are derived using a Lagrangian energy method. The Lagrangian, the difference between the kinetic and potential energies, is:
where T i and V i are the kinetic and potential energies of the ith frame. Assuming that the servo motor for the trailing-edge can be modelled as a second order system of the formβ
where c βservo and k βservo are the damping and stiffness respectively, and β des. is the desired servo motor position, the full nonlinear equations of motion can be where k α (α) and k h are the pitch and plunge stiffness respectively, c α and c h are the pitch and plunge viscous damping respectively,
2 is the moment of inertia of the wing about the elastic axis, and
β is the moment of inertia of the trailing-edge about its pivot.
The aerodynamics of the wing are modeled using the quasi-steady aerodynamic model [3, 4] :
where ρ is the free-stream air density, S is the airfoil span, C lα = ∂C l ∂α and C l β = ∂C l ∂β are the pitch and trailing-edge deflection coefficients of lift respectively, and
This quasi-steady model is based on a steady aerodynamic model with additional linearised contributions to the angle of attack due to the pitching and plunging motion of the wing. This model describes the unsteady aerodynamics accurately for values of the Strouhal number, f b U < 0.1, where f is the oscillation frequency of the airfoil.
The aeroelastic equations of motion can be found by substituting the quasisteady aerodynamics, Equations (5) and (6) , into the mechanical equations of motion Equation (4) and rearranging the dynamic state dependent aerodynamic terms (α,α andḣ) to the left hand side. The aeroelastic equations of motion can then be converted to a state-space form by letting the state-vector to be:
with input u = β des and output y. This yields the LPV form:
where the parameter dependence of A takes the form:
The output, y, and hence the C and D matrices, depends upon the sensor configuration. For state feedback y = x, C = I and D = 0.
Nonlinear Aeroelastic Test Apparatus
The Nonlinear Aeroelastic Test Apparatus (NATA) is an experimental platform at the Texas A&M University for the testing of nonlinear aeroelastic theory. It consists of a rigid wing section with trailing-and leading-edge actuators connected to a carriage that allows it to pitch and plunge. Photographs and a schematic of the wing and carriage mechanism can be found in Platanitis and The parameters of the NATA were measured where possible, and estimated using a nonlinear grey-box system identification process when it was not possible to measure the parameter, and are shown in Table 1 .
In particular, the torsional stiffness was measured by applying varying loads, and measuring the resulting pitch angle, and the trailing-edge servo motor was modeled by applying a chirp signal with a magnitude equal to the servo motors maximum deflection, measuring the output position using the encoder, and fitting a second-order model to this data.
LPV LQR Control
The standard LQR control problem can be represented as a minimization of the H 2 norm from a unit white noise input, w, to a performance output, z, for the linear time-invariant state system described by [6] :
where Q and R are the state and input weightings respectively.
This can be represented in the form of a generalized control problem:
with
Given a parameter vector p, the closed-loop linear parameter varying statespace form of the generalized control problem, Equation (14), under statefeedback (C = I) with feedback gain K(p) is: 
With the parameter dependent Lyapunov variable, X (p) and auxiliary parameter Z(p), the H 2 norm of the closed-loop system, Equation (15), is ||G(p)|| 
where the new variables are:
The synthesis LMIs are now affine in the variables Y(p) and M(p).
The controller gain and Lyapunov matrix can be calculated as
As shown in Equation (10), the LPV state equation depends upon both the airspeed, U , and the pitching angle, α. The dependence upon the pitching angle is a result of the torsional spring stiffness nonlinearity, which increases with increasing pitch angle. This nonlinearity has a stabilizing influence, preventing the system from going unstable, instead putting it into limit-cycle oscillations.
It has been argued [9] that this nonlinearity can be neglected while designing a stabilizing control law. Thus linearizing the torsional stiffness, the parameter dependent state matrix takes the form:
The parameter dependent transformed controller variable and transformed Lyapunov variable are given the same form as Equation (19):
The synthesis LMIs, Equation (17), in the matrix variables Y i and M i for i = 0, 1, 2 were constructed in Matlab using the package Yalmip [10] . The parameters for the NATA given in Table 1 and the state and input weightings that were used are:
The LMIs were simultaneously solved using the SDPT3 [11] solver at 50 evenly 
Results
The synthesized controller was tested on the NATA described in Section 3.
Though the controller was designed over the airspeed range U 
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